Abstract. An ion confined within a Paul trap can be assimilated, in a good approximation, with a harmonic oscillator. A method which enables constructing of an invariant operator, based on the Lewis and Riesenfeld approach, is reported. The method is then applied to the case of an ion confined in a Paul trap, treated as a quantum harmonic oscillator. An invariant operator is associated to the system. The spectrum of the quasienergy operator finally results. The eigenvectors of the system are found using the Fock state basis.
Introduction. Method
The last decades have shown an ever increasing interest towards studying and explaining harmonic oscillators with time-dependent frequencies or time dependent masses (or both simultaneously) [1, 2, 3] . These studies have applicability in fields such as quantum transport [4] , quantum optics [5] and quantum information [6] . This paper presents a formalism for dealing with non-relativistic, time-dependent, quantum Hamiltonians. The starting point is the well-known Lewis and Riesenfeld idea [7] , which involves the construction of an invariant operator I(t) which defines both the dynamics of the physical system and the canonical formalism that has to be used in order to obtain a consistent theoretical framework.
A time dependent invariant I, satisfies the following relations [2] :
The Schrödinger equation for the state vector φ can be expressed as
If eq. (2) is multiplied by I and then referring to eq. (1), we finally obtain :
Thus, if φ is a solution of the Schrödinger equation, then Iφ is also a solution of the same Schrödinger equation. It will be assumed that the invariant operator I belongs to a system of observables which commute, so that there exists a complete and orthonormal system of eigenstates of the operator I, denoted as ϕ λk , which satisfies :
where k from ϕ λk represent all the quantum numbers different from λ, required in order to specify the eigenvectors. The eigenvalues λ are real (I is autoadjoint) and time independent. By derivating eq. (4) in respect with time we obtain :
From eq.
(1) applied on ϕ λk and after scalar multiplication with ϕ λ k , we infer :
Using the property that I † ϕ λk = λ ϕ λk the second term in eq. (7) will modify accordingly, which finally leads to :
When λ = λ :
If eq. (6) is scalar multiplied at left with ϕ λk , we infer
It can be observed that the two members of the above equation contain two identical terms and, taking into account eq. (9), we obtain :
therefore λ is time independent. Hence it follows that eigenvectors are time dependent.
Further on we will try to determine the solution of the Schrödinger equation as a function of the spectrum of the invariant I. Eq. (6) can be rewritten, taking into account eq.
:
After scalar multiplication at left with ϕ λ k :
we will multiply the resulting equation with i . After that, we return to eq. (8) and we obtain
When λ = λ , we have
If eq. (15) is also satisfied for λ = λ , then
and ϕ λk satisfies the Schrödinger equation. We can introduce the following functions [1] :
Assuming that I does not include time differentiation operators, then ϕ λkα is also an orthonormal eigenvectors system. In such case, eq. (15) can be expressed as :
Eq. (18) is satisfied for λ = λ . We will find α so that eq. (18) will be satisfied for λ = λ : 
New diagonalization is possible because the quasienergy operator :
is self-adjoint. When k = k and λ = λ we infer :
From eq. (21) we will infer the phases α λk :
where ϕ λkα = e iα λk ϕ λk is a solution of eq. (2) for any λ, k. Then ϕ λkα are the quasienergy vectors with the quasienergies to be obtained.
Time dependent harmonic oscillator in a radiofrequency (RF) trap
We consider the following Hamiltonian which describes the behaviour of an ion confined within a radiofrequency (RF) trap, also known as the Paul trap [2, 8, 9] :
where m stands for the ion mass, while Ω (t) is the frequency of the applied a.c. (RF) voltage, which represents a function of period T . The Hamiltonian associated to this system is non-autonomous. The canonical equations of motion (in the Heisenberg representation) are :
with [q, p] = i . We search for the existence of an Hermitian invariant, such as :
Introducing the expression of I given by eq. (24) in eq. (1), it results that
We use the commutation relationship
The three commutators will satisfy
Using the expressions of the three commutators eq. (25) becomes
and dI/dt should be equal to zero in order to be an invariant. We can infer the expressions forα,β andγ from eq. (29) as it is easy to see. We denote β = σ 2 (t) , σ ≥ 0. Thereforeβ
The expressions for α andα result from eq. (30) and we have
Further on, we infer
The [ ] · bracket stands for derivation in respect with time and we denote ξ = m 2σ + Ω 2 σ. Thenξ
where c is a positive constant. Therefore
quantum harmonic oscillator. State vectors of the system have been defined based on the Fock state basis. An invariant operator can be associated to this system, which is the quantum Hamiltonian of the system. A recurrence relationship between the basis states is obtained. These states form a complete and orthogonal set of eigenvectors. The spectrum of the quasienergy operator finally results.
